We investigate 1/2 BPS conformal surface operators in the Klebanov-Witten theory. These surface operators preserve certain parts of the conformal symmetry and R-symmetry as well as half of the supersymmetry. We propose the gravity dual of the surface operator as a configuration of a D3-brane in AdS 5 × T 1,1 . This D3-brane preserves the same amount of the supersymmetry as the surface operator. We also compute the correlation function of the surface operator and a chiral primary operator.
Introduction
A surface operator is an operator supported at a surface defined by a condimension 2 singularity. Disorder type surface operators in N = 4 SYM have been introduced in [1] .
In [1] , the gravity dual of the operators have been proposed as probe D3-branes wrapping AdS 3 × S 1 in AdS 5 × S 5 , which can be supersymmetric [2, 3] . The gravity dual of these operators are also described by the bubbling AdS geometry [4, 5, 6] . Some of the physical quantities have been evaluated in both gauge theory and gravity [7] .
Along with the canonical example AdS 5 ×S 5 /N = 4 super Yang-Mills [8] , the AdS/CFT duality with less supersymmetries also has been studied, which one can refer to [9] and references there in. Symmetry-wise, AdS 5 gravity with an internal Sasaki-Einstein 5-manifold can be dual to N = 1, d = 4 supersymmetric CFT . One of the first examples is
given by Klebanov and Witten [10] , for the dual background AdS 5 × T 1,1 .
In this paper, we will present a new example of 1/2 BPS conformal surface operators in N = 1 superconformal theories, especially in the Klebanov-Witten theory. We use F term and D term constraints to define the surface operator. The surface operator in this paper is defined by a complex singularity with a fractional power. We will show that an appropriate gauge transformation can cancel the monodromy around the singularity, and thus the boundary condition can be well-defined.
We will propose that the gravity dual of the operator is a probe D3-brane wrapping AdS 3 × S 1 in AdS 5 × T 1,1 . We show that the brane preserves the same symmetries with the surface operator.
For BPS surface operators in N = 4 SYM, the correlation functions of BPS surface operators with chiral primary operators, evaluated in the gravity side by using GKPW prescription in SUGRA limit [11, 12] , have been shown to agree with the results from the gauge theory in the semi-classical limit [7] . We will consider correlation functions of the surface operator and CPO's in Klebanov-Witten theory. The evaluation in gravity can be done in the large AdS radius limit, as in the N = 4 SYM case. The evaluation in the gauge theory, however, becomes difficult, since the theory is intrinsically strongly coupled.
Instead, we will use the results in gravity to deduce a possible form of the normalization factor of CPO's as a function of the parameters of the theory, on the assumption that the semi-classical approximation is valid in the gauge theory.
The organization of this paper is as follows. In section 2, we construct the 1/2 BPS surface operator in the Klebanov-Witten theory. In section 3, we propose the gravity dual of the surface operator as a probe D3-brane. Using kappa symmetry projection we
show that a probe D3-brane wrapping the U(1) isometry direction in a Sasaki-Einstein 5-manifold preserves 1/2 of the fermionic symmetries. We evaluate correlation functions of the surface operator with chiral primary operators by using the D3-brane solution.
Some discussions will follow in section 4.
2 An example of 1/2 BPS surface operator in Klebanov-
Witten theory

Definition of the surface operator
The Klebanov-Witten theory is a certain N = 1 supersymmetric gauge theory with gauge group SU(N) × SU(N) at its IR fixed point, which is known to be related to D3-branes on the tip of the conifold [10] . The bosonic fields in the theory are chiral superfields A i (B i ), for i = 1, 2, in the (anti-)bi-fundamental representation, and gauge fields A µ ,Ã µ for each SU(N). The superpotential is given as
Let us consider the theory on R 4 with coordinates (
We define complex coordinates
. Sometimes we will use polar coordinate of z 1 -plane, z 1 = re iφ . For the N = 1 super-space, unless otherwise stated, we will use the conventions of Wess and Bagger [13] .
As in [1] , we characterize a surface operator by the boundary condition of bosonic fields near codimension 2 singularities. In this paper, we will consider a surface operator supported at z 1 = 0. The situation is similar to [14] where operators from codimension 2 singularities of the bi-fundamental scalar fields in ABJM theory [15] are considered.
The behavior of the fields at the singularity is determined in such a way that the surface operator preserves the dilatation symmetry. The conformal dimension of A j and B j is 3/4 as can be seen in the form of the superpotential (2.1). Thus A j and B j have the singularity of z
More concretely, we consider the following classical configuration.
where β is a real constant parameter. This is the main example of the surface operator considered in this paper.
The configuration (2.2) is not single-valued under z 1 → z 1 e 2πi rotation. Since this monodromy is a part of the gauge transformation, it is canceled by introducing the gauge holonomy (g,g) ∈ SU(N) × SU(N) around z 1 = 0 of the following form.
identity matrix).
A j and B j are transformed as
This introduction of the holonomy is the similar trick as [16] .
There are rather trivial generalizations of this surface operator (2.2). One is the phase of β. The other is to introduce the gauge field
where α is a real constant. We omit these generalization parameters in the rest of this paper.
It is possible to consider BPS surface operators which do not preserve the dilatation symmetry. In that case, one can choose different order of the singularity of z 1 , analogously to the surface operators in N = 4 SYM with higher poles [17] . The dilatation symmetry is useful when we consider more general surface operators which depend on z 2 as well as • U(1) d : generated by (3/2)R + M 12 .
• U(1) a : generated by J • U(1) v : generated by
B accompanied with some gauge transformation. We will see that these symmetries SO(2, 2) × U (1) 3 are also present in the gravity dual.
Supersymmetry in the gauge theory
Consider N = 1 supersymmetric gauge theory, with a Lagrangian in the form of
in the previous section. K is the Kähler potential of the theory. The variation of fermions are given as follows
while the equation of motions of F and D terms for non-trivial Kähler potential are as follows
where
For our definition of a surface operator (2.2), F and D term vanish. F term vanishes since ∂īW vanishes for eachī and we set the boundary conditions of fermion fields vanish.
The D term condition (2.8) for the first gauge group SU(N) can be rewritten as
Note that TN = −T * N for hermitian generators and g
On the assumption that the Kähler potential has the symmetry of exchanging A i and B i , eq. (2.9) vanishes in our configuration (2.2).
We are considering a flat gauge connection, F µν = 0, thus the variation of gaugino (2.6) vanishes. The variation of quarks (2.5) can be written as
since the boundary condition for the chiral fields are holomorphic functions of z 1 . Now impose the following condition on the supersymmetry parameter ǫ,
then the supersymmetry variation of the quark (2.5) vanishes. Thus our definition of the surface operator in (2.2) preserves half of the supersymmetries.
Correlation functions with chiral primary operators
In the semi-classical approximation, the correlation function of a local operator O(ζ) and a surface operator is evaluated by taking the value in the configuration (2.2).
Chiral primary operators in KW theory has been discussed in [10, 18] . The operators are in the following form,
where (i 1 , · · · , i i ) means symmetrized indices. C I n is the coefficient in the corresponding spherical harmonics of T 1,1 . p I ∆ is a normalization constant to normalize the two point function of operators as
If we consider correlation function of CPO's with a surface operators defined by (2.2), it is non-trivial only when the CPO's are in the following form, 15) where C n is the coefficient of spherical harmonics in (C.4). Using (2.11), the correlation function is given as follows,
Actually this classical approximation is not justified very well since the theory is on the non-trivial fixed point and the quantum effect is supposed to be large. However, the spacetime dependences of the result can be determined by symmetry. Later we will compare the result with the result from supergravity.
3 Gravity dual of the 1/2 BPS surface operator 3.1 Probe D3-brane wrapped on a holomorphic hypersurface in
The background of the gravity dual of the KW theory is known as AdS 5 × T 1,1 [10] . The metric of this background is [19] 
where the metric of the T 1,1 is given by [20] 
In this paper, we choose the unit of length as
We propose that the gravity dual of the surface operator in eq.(2.2) is a probe D3-brane wrapping a surface in AdS 5 × T 1,1 expressed by
where z 1 ≡ re iφ and κ is a constant related to β.
Let us explain the reason for this identification. The metric cone of T 1,1 is conifold,
On the other hand, the conifold can be expressed as a hypersurface in C 4 with coordinates
The parameterization of ω A in terms of ψ, θ i , ν i is given in (C.3). In (3.5), ρ 2 is related [20] . Eq. (3.6) can be solved by the following parameterization [10] ( 
These three Killing vectors correspond to U(1) d , U(1) a and U(1) v , respectively.
Supersymmetry of the probe D3-brane
In this subsection, we will check the supersymmetry of the D3-brane configuration. Actually it is rather straightforward, at least locally, to generalize this configuration to more general cases. Therefore in this subsection, we work in the general AdS 5 × SE 5 background, where SE 5 is a Sasaki-Einstein 5-manifold.
The 10-dimensional metric is given as
The 5-form field strength in the background is given as
The gravitino variation in this background becomes
If δψ A = 0 for some ǫ, ǫ is the Killing spinor of the given background.
To check the preserved supersymmetry of the probe D3-brane, we can use the kappa symmetry projection [21, 22, 23, 24, 25, 26] . The projection operator is given by
The number of preserved supersymmetries is given by the number of Killing spinors ǫ
We review the Killing spinor of AdS 5 × SE 5 in appendix A.
The metric of a Sasaki-Einstein 5 manifold can be written, at least locally, as 
We choose the world-volume coordinate of the D3-brane as
The ansatz for the transverse directions are,
14)
The projection operator (3.10) in our ansatz (3.14) becomes
where Γ A are gamma matrices of the tangent space, {Γ A , Γ B } = 2η AB . The condition (3.11) can be rewritten as 
In terms of the 4 component spinors χ (A.5) and η ± (A.4), which are in the decomposition of the Killing spinor ǫ of AdS 5 × SE 5 (A.3), (A.4), the above can be rewritten as
whereΓ A are defined in (A.2). In the appendix B, we will prove that
We now impose the following condition for constant spinors η ± , 
Correlation functions with chiral primary operators
We now consider correlation functions of the surface operator in (2.2) with chiral primary operators. As in [7, 16] , we use the GKPW prescription [11, 12] to get the one-point function of the chiral operators . We introduce the boundary source s 19) where x ′ is the position of source on the boundary of AdS 5 , and G(y, x : x ′ ) is the bulkboundary propagator,
for a scalar field of which equation of motion is
We use Greek indices µ, ν for AdS 5 , and α, β for T 1,1 . Y n (ψ, ν i ) is a function given in (C.4). The relevant aspects of the spherical harmonics of T 1,1 are given in appendix C.
The conformal dimension ∆ is related with a positive integer n by ∆ = 3n/2.
c(∆) is chosen to normalize the two point function of chiral operators as eq.(2.13).
c(∆) is obtained following [35, 36] , as reviewed in appendix D,
The linearized fluctuation of the D3-brane action is
where T D3 is the tension of the D3-brane and fluctuation of fields h µν , h αβ , a AdS are as defined in [7, 37] . G mn is the induced metric on the world-volume. We choose the following world-volume coordinates
where x 4 is Wick-rotation of x 0 from (3.13), since we are now considering Euclidean AdS.
The transverse directions are as given in (3.4). The linearized DBI action for the ansatz becomes,
AdS yy + 9h
The relations between the source and the fluctuation are given in [37, 36, 7] ,
Let the position of the source be
). Indicate the polar coordinates of the source as (d, φ 0 ),
then the linearized fluctuations of DBI and WZ action are written as follows,
Since the action of the D3-brane is S = S DBI − S W Z , the linearized fluctuation of the D3-brane action becomes
We now take the derivative of S 
A caveat here is that there are two values of ψ in 0 ≤ ψ ≤ 4π for one value of φ in 0 ≤ φ ≤ 2π as seen in (3.4)
The result is the sum of contributions from the both branches. The second branch contributes as much as the result in the first branch multiplied by (−1) n . Thus the result vanish when n is an odd integer.
The integral (3.23) can be evaluated exactly as in [7] . The result (3.23) is non-trivial when ∆ is an integer, and it is given by
where we used T D3 = Let us assume that (2.16) is valid, and compare the result in (3.25) with the result in the gauge theory (2.16). Firstly, spacetime dependences of those two results agree to each other though they are determined completely by the symmetry. Secondly, since both β and κ are parameters of the surface operator and independent of ∆, we can conclude that they are related by
with a constant µ. This µ can only depend on the parameters of the theory. Thirdly, by comparing the coefficients, we obtain the relation
Discussion
In this paper, we studied 1/2 BPS surface operators in the Klebanov-Witten theory. We defined the surface operator by imposing the boundary condition at a codimension 2 singularity. This boundary condition comes from a 1/2 BPS configuration of the bifundamental scalar fields (2.2). We also proposed the gravity dual of this surface operator as a D3-brane configuration (3.4). We checked the supersymmetry of this D3-brane. It turned out that this D3-brane preserves half of the supersymmetries of AdS 5 × T 1,1 , which is consistent with the supersymmetry of the surface operator. We also calculated the correlation function of the surface operator and a local operator. We compared this result with the classical approximation in the gauge theory result and found the qualitative agreement and some constraint on the normalization constants.
For more quantitative matching between the gauge theory side and the gravity side, one needs to calculate the quantities in the gauge theory side. Those techniques like chiral ring and Konishi anomaly equation in [38] could be useful for this purpose.
One of possible interesting future works is to consider the surface operators in other N = 1 superconformal field theories. In particular the quiver gauge theories derived from toric Sasaki-Einstein manifolds [39, 40, 41] (see also [42] for a review) will be interesting from the point of view of the AdS/CFT correspondence.
Let us briefly explain a possible extension of the surface operator to other quiver gauge theories. First we consider a half BPS surface operator with the surface supported at z 1 = 0. We define a surface operator by the following boundary conditions for a scalar ϕ in the chiral superfield, which is in the bi-fundamental representation of G I × G J , and the gauge fields A andÃ of G I and G J , Second we can also consider the case that ϕ is a holomorphic function of z 1 and z 2 ,
where f (z 1 , z 2 ) is a locally holomorphic homogeneous function with degree 1 + γ φ . The surfaces are now supported at f (z 1 , z 2 ) = 0. It also preserves 1/2 of the supersymmetries, since (2.10) implies
The gravity dual of these surface operators would be the D3-brane configuration in A Killing spinor of AdS 5 × SE 5
Killing spinor of AdS 5 × SE 5 , which makes the variation of the gravitino in (3.9) vanish, is given in [43] (see also [44] ). Let the vielbeins of AdS 5 × SE 5 be
we use the following representation of gamma matrices (5)) Clifford algebra, and σ i are Pauli matrices.
We chooseΓ A to satisfy the followings,
The Killing spinor is in the form of
where λ ± , χ are 4-component spinors. λ ± is given in terms of constant spinors η ± satisfying (a = 1, 2, · · · , 5), Θ 6 = dR.
for given vielbeins E a of SE 5 in (A.1). Define SO(6) gamma matricesΓ i as followŝ We choose a local frame to set the holomorphic 3-form Ω and Kähler 2-form J in the following form
In this frame, the Killing spinorχ in (B.3) is given by constant spinorsχ ± , defined by Γ 1 + iΓ 6 χ − = Γ 2 + iΓ 3 χ − = Γ 4 + iΓ 5 χ − = 0, 
